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Abstract—In this study, an air core spherical motor
comprising a two pole permanent magnet rotor with 8
mm diameter and a multipole stator is designed by
considering the ease of manufacturing priorities. Stator
winding dimensions are calculated in a way to give
maximum torque to the rotor analytically. Magnetic
field distribution and torque values are calculated
analytically. Stator coils in the yoke made from Delrin
are positioned in proper values. Spherical motor with
three poles stator and two poles rotor can move 44° up
and down in 360° azimuthal angles without direct
rotational movement in an open loop system and it is
suitable to use in cascade in a robotic system.
Keywords— Spherical Motor; Permanent Magnet;
Geodesic Arc Length; Torque.

1. Introduction
In the industrialized world today, many systems
used from manufacturing to the other sub-sectors are
shifting to robotic applications via automation
systems. Due to these developing and rapidly
growing technologies, a trend in which robotic
applications show progress has formed. In order to
meet these needs of the industry, actuators used in
these robotic systems are needed to be designed
according to the needs. Designing spherical motors
that can rotate with 2 and 3 degrees of freedom offers
great advantages in this field. The major advantages
of spherical motors are fast reaction times, high
efficiencies and having high precision motion [1,2].
DOI: 10.18421/TEM71-07
https://dx.doi.org/10.18421/TEM71-07
Corresponding author: Sibel Akkaya Oy,
Fatsa Faculty of Marine Sciences, Ordu University,
Ordu, Turkey
Email: sibelakkayaoy@gmail.com
Received: 21 December 2017.
Accepted: 03 February 2018.
Published: 23 February 2018.
© 2018 Sibel Akkaya Oy; published by
UIKTEN. This work is licensed under the Creative
Commons Attribution-NonCommercial-NoDerivs 3.0
License.
The article is published
at www.temjournal.com

with

Open

TEM Journal – Volume 7 / Number 1 / 2018.

Access

When the development of spherical motors in time is
investigated, Williams and Laithwaite’s study on
induction motors with various speeds in 1950s has
enabled induction motor to be developed with
spherical geometry [3]. Based on Williams and
Laithwaite’s studies, Vachtsevanos et al. designed a
spherical motor with 3 degrees of freedom [4]. Then
they performed electromagnetic analysis of this
motor by using ideal distributed current model [5].
Kaneko et al. developed a spherical DC servo motor
that can move with three degrees of freedom [6].
This rotor assembly is performed around the center
shaft. Because of the limited movement area of a DC
spherical motor and complex mechanical structure of
spherical induction motor and its manufacturing
difficulties, Lee et al. introduced a spherical step
motor concept and designed a variable spherical step
motor taking the step motor as basis [7,8]. Lee et al.
introduced a dynamic model of a spherical motor
with varying reluctance in terms of torque model and
rotor dynamics [9]. In order to place more than
twenty poles equally onto the semi spherical stator,
Lee and Kwan developed a program and designed the
rotor poles with two permanent magnets to provide
three degrees of freedom movement [10]. Lee and
Kwan also developed a theory based on local
interaction between the rotor and the stator which are
close to each other. By analyzing the kinematic
relationship between the rotor and the stator poles
close to each other, Lee et al. stated that several
equally spaced stator poles are required for motion
control [11]. Lee and Kwan suggested that the
sustainability model is an important concept in order
to predict the torque produced by the variable
reluctance spherical motor [10]. On this concept, Pei
made more theoretical research and Roth and Lee
explained this model experimentally [12,13]. Bai et
al. presented a new method, referred here as backEMF method, for sensing the multi-DOF motion of a
permanent magnet spherical motor [14].
In this study, an air core spherical motor is
designed. The rotor of the spherical motor is a two
poles NdFeB permanent magnet. The stator is
composed of three coils. The study is mostly focused
on determining particularly the stator conical coil
angles analytically. In order to determine ζ0 and ζ1
angles determining the optimum geometrical shape
of the coils, an equation is defined. To create the
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torque model of the designed motor, torque
calculations are performed.

BIr = −µo

dФ I
dr

(8)

where the scalar potential is [14]:
2. Magnetic field distribution
Magnetic field distribution generated by the
permanent magnet in spherical motor design forms
the basis in the motor design optimization and
developing the control section [3]. Magnetic field is
divided into two zones. The first one is the air gap
outside the rotor. The second one is the poles of the
permanent magnet.
Magnetic flux density in the air gap outside the
rotor [3]:
B = µo HI

(1)

where μo is the magnetic permeability of the air,
B is the magnetic flux density and H is the magnetic
field strength. Magnetic flux density in the
permanent magnet poles is [3]:
B = µo µr HII + µo Mo

{

o

For the magnetic field,
∇×H=0

(3)

2n+1 (n−m)!
[Pm (cosθ)]eimϕ
4π (n+m)! n

Ynm (θ, ϕ) = �

BIr |r = R o = BIIr |r = R o
HIϕ |r = R o = HIIϕ |r = R o
HIθ |r = R o = HIIθ |r = R o

ξm
nI = Cn,m dn

M0r = (−1)ᴾ¯¹ Mo cos �ϕ − αo −

2π
(p −
P

1)� sinθ

(7)

where p is the total pole number of the permanent
magnet. Magnetic flux density in the air gap zone can
be expressed as follows by considering the boundary
conditions.
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(11)

ξ−m
nI = Cn,−m dn

(12)

2π

Cnm = Mo ∫0 f(ϕ)]e−imϕ dϕ
π

∫0 �

where

2n+1 (n−m)!
[Pm ]eimϕ sin2 θdθ
4π (n+m)! n
𝜋

𝑓(𝜙) = (−1)ᴾ¯1 𝑐𝑜𝑠 �𝜙 − 𝛼 0 − (𝑝 − 1)� 𝑑𝜙
2π

a ± bi ≡ ∫0 f(ϕ)]e−imϕ dϕ

(5)

∇ ФI = 0
(6)
The radial component of the magnetization vector
is expressed now as follows [14].

and

where dn=−d1n /d2n .
Cnm is determined by the surface integral, as shown
below [14].

As a result of the implementation of Laplace
equation, the following field equations are obtained
[14].
In permanent magnet;

2

(10)

where Pnm (cosθ) shows the mth degree Legendre
function in nth row and −n ≤ m ≤ n while n and m
are integers. ξm
nI Expression in Eq. (9) is a constant
which will be determined by the boundary conditions
[13] The boundary conditions are as follows.
Expansion of the coefficient ξm
nI is given in Eq. (12).

(4)

∇2 Фii = (∇. Mo )/µᵣ
In air;

}

Ynm (θ, ϕ)where the spherical harmonic function
[14] and defined as follows.

Magnetic field strength is defined as the gradient
of scalar potential of Ф and shown as in Eq. (4).
H = −∇ Ф

{

(9)

(2)

where, μr is the relative permeability of the
B
magnet. Mo = µrem is the permanent magnetization.

}

Φ I = ξ nlm r − (n+1) Υ nm (θ ,φ ) + ξ nl− m r − (n+1) Υ n− m (θ ,φ )

4

where the boundary conditions of ϕ are
α
2

π
(p
4

α
2

π
(p
4

(13)

(14)
(15)
− 1) +

α0 − < 𝜙 <
− 1) + α0 + . The value a is
not seen to be 0 in the values of m=0, ±4, ±8, ±12,
±16,……..
π

2n+1 (n−m)!
[Pm (cosθ)]eimϕ sin2 θdθ
4π (n+m)! n

c/ √π ≡ ∫0 �

where the boundary conditions of θ are
π
2

β
+
2

(16)

π
β
−
2
2

<𝜃<

. For the values of n= ±2, ±4, ±6, …….., the
result of c ≠ 0 is found. For odd numbers c = 0.
Wherein, a, b and c are real numbers.
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Table 1. The properties of this prototype

3. Torque model
While the torque model is designed, Lorentz force
law is utilized. Due to the interaction between the
rotor magnetic field and the stator windings in which
a current flows, a torque is generated on the rotor [3].
T = − ∫v r × (J × B)dv

(17)

where J is the current density.
If it is integrated over the whole coil volume, the
torque equation can be written as below. The symbol
c represents the circular loop in the winding [14].
R

ζ

Tc = −J ∫R 2 ∫ζ 1�∫c rBIr (r, θ, ϕ)dl� rdrdζ

(18)

Ti = Tc G(θi , фi )Ji

(19)

1

0

If the torque produced by ith winding is named as
Ti , θi and ϕi represent the axis position of the
winding. R1 is the distance between the inner surface
of the winding and the center, R2 is the distance from
the outer surface of the winding to the center, ζ0 is
the angular diameter of the air core, ζ1 is the angular
diameter of the windings. Output torque in a single
coil is expressed as the following equation [15].

Stator radius
Rotor radius
Polar angle of the
permanent magnet
The number of stator
poles
The number of rotor
poles
Maximum tilt angle
Maximum torque

5.7
(mm)
4 (mm)
α=180°,
=90°
3
2
± 44
30
(uNm)

In Figure 1, simple structure of the motor on the
drawing editor in Ansoft Maxwell 3D can be seen. A
prototype of the spherical motor designed is shown in
Figure 2. There are three stator poles and each has
three coils (coil1, coil 2 and coil 3). These coils
generate electromagnetic forces along the stator. The
rotor of the motor also has two poles.

where:

Ti = [Tix , Tiy , Tiz ]T

where,

G(θi , фi ) = �g x (θi , фi ), g y (θi , фi ), g z (θi , фi )�

 g x (θ1 , φ1 )g x (θ 2 , φ2 ).......g x (θ N , φ N )   J1 


Τ = Τc  g y (θ1 , φ1 )g y (θ 2 , φ2 ).......g y (θ N , φ N )  J 2 
 g (θ , φ )g (θ , φ ).......g (θ , φ )   J 
z N
N  N 
 z 1 1 z 2 2

T

Figure 1. Basic structure of the motor

(20)

4. Prototype development
Since the spherical motor in this performed design
has an air core, stator part of the designed spherical
motor is made by Delrin material. Stator poles are
placed with a 45° angle to the x axis and with a 120°
angle to the z axis. There is a 0.1 mm air gap
between the stator poles and rotor poles.
The properties of this prototype are shown in Table
1.
(a)
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end radii of the windings (r1-r2). Since D is a
multiplier in torque equation, the maximum value of
the torque can be calculated with the second
derivative of D in terms of ζ0 and ζ1. D is expressed
as in the following equation [3].
D = πΒrem J {ζ 1 − ζ 0 + 0.5(sin 2ζ 0 − sin 2ζ 1 )}

(21)

By keeping ζ0 constant, the first and the second
derivatives of D are taken as shown below.

(b)
Figure 2. Spherical motor prototype: (a) The
prototype of motor, (b) Spherical motor control
circuit
The magnetic circuit would be short according to the
minimum reluctance principle. The flux density of the
motor is shown in Figure 3. The directions of the
magnetic flux density are as shown in the Figure 3 (a),
the stator is straight from the rotor.

sin 2ζ0
− cos2ζ1 �
2
sin 2ζ0
+ 2sin2ζ1 �
2

D′ζ1 = �1 − ζ0 +

D′′
ζ1 = �−ζ0 +

(22)
(23)

The graphs drawn according to the above
equations are given in Figure 4. and Figure 5. For the
maximum torque, ζ0 and ζ1 must be ζ0=0° and ζ1=
π/2. Since ζ0=0 is not possible, ζ0 should be kept as
small as possible. Because of the physical conditions
it is taken as ζ0=7°

Figure 4. Dζ'' 1 graph
(a)

Figure 5. Dζ'' 1 graph
(b)
Figure 3. The flux density of the motor: (a) Vector
representation, (b) Magnetic representation

Determination of coil conical angle

Maximum torque (Tm) is related with the conical
angles of stator windings (ζ0 - ζ1) and the start and
56

Since ζ1= π/2 is not possible, to find the value of
ζ1 angle which can generate maximum torque,
geodesic arc length formulas are used in spherical
coordinate system. In the spherical coordinate
system;




r a r = r sin θ i cos φi a x + r sin θ i sin φi a y + r cos θ i a z (24)
i
To find the angle (φ) between two radial vectors as
i=1,2 in radius r defined as above, dot product is

TEM Journal – Volume 7 / Number 1 / 2018.
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used.



(r a r 1 ) ⋅ (r a r 2 )
=


( r sin θ 1 cos φ1 a x + r sin θ 1 sin φ1 a y +


r cos θ 1 a z ) ⋅ ( r sin θ 2 cos φ 2 a x +


r sin θ 2 sin φ 2 a y + r cos θ 2 a z )
=
r cos ϕ = r (sin θ 1 cos φ1 sin θ 2 cos φ 2 +
2

2

sin θ 1 sin φ1 sin θ 2 sin φ 2 + cos θ 1 cos θ 2 )

Figure 6. Coil parameter ζ0 vs Sζ (ζ1= 37°)

=
r 2 [sin θ 1 sin θ 2 (cos φ1 cos φ 2 + sin φ1 sin φ 2 ) +

cos(φ1 −φ 2 )

cos θ 1 cos θ 2 ]
=
r [sin θ 1 sin θ 2 cos(φ1 − φ 2 ) + cos θ 1 cos θ 2 ]


2

cos ϕ

(25)

A a result of the above equation, arc length (s) can be
found as below:
s = r = r cos −1 [sin θ1 sin θ 2 cos(φ1 − φ2 ) + cos θ1 cos θ 2 ]

(26)
Arc lengths for three coils are found by using the
above equation. This found arc length also gives ζ1
angle necessary to produce maximum torque in three
windings.
−1

s3 = 4 cos [cos 45° cos 45° +
sin 45° sin 45° cos(0° − 120°)] = 5,27246
5,27246
180° = 75,52242641°
4π
(27)
where ζ1 = 37,76121321°. Because of the physical
conditions it is taken as ζ1=37°.
S changes depending on the coil angles of ζ0 and ζ1
and S is given as an equation below.
S = − 4�3 (sin3 ζ1 − sin3 ζ0 ) + 7�5 (sin5 ζ1 −
sin5 ζ0 )

(28)

S value in Eq. (28) changes the torque output.
Accordingly, how the coil conical angles we will use
in this motor design will change the torque output
can be seen in the graphs. In Figure 6, how S value
and thus the torque output decrease with the increase
of ζ0 angle can be seen. In Figure 7, how S value and
thus the torque output increase with the increase of
ζ1 angle can be seen.

TEM Journal – Volume 7 / Number 1 / 2018.

Figure 7. Coil parameter ζ1 vs Sζ (ζ0=0°)
Solving the torque integral

For n=4, m=4, torque calculation is made by
using the above equations. Where p is taken as
2
p=2. For n and m values, 𝑎 = − , 𝑏 = 0,
𝑐=

42√35
𝜋,
32√2

𝑌44 (𝜃, 𝜙)

=

15
3 35
4
� 𝑠𝑖𝑛 𝜃𝑒 4𝑖𝜙
8 8𝜋

are

found. When the values are substituted in Eq.(8).
735
𝐵𝐼𝑟(4,4) = −
𝑀 𝑑 𝑟 −6 𝑠𝑖𝑛4 𝜃𝑐𝑜𝑠4𝜙 is found.
256 0 4
Substituting these obtained results in Eq. (18):
ζ 1  2π
735
sin 4θ cos 4φr sin ζdψ
Jµ 0 Μ 0 d 4 Rc 
0
ζ
256
0 
. cosψ eφi − sin ψ eθi dζ

∫ ∫

Τi = −

(

)}

can be written. Where, 𝑅𝑐 = 𝑅2−2 − 𝑅1−2 dir.

(29)

𝑅6

0
𝑑4 = (4µᵣ+5
. The expression in the integral can
)

be defined as D (θ, ϕ) [14]. The integrated
version of this expression will become as follows
[14].

(

)[

D e (θ , φ ) = π sin 3 θ − 4 3sin 3 ζ + 7 sin5 ζ cos θ cos 4φ eφ
5
+ sin 4φ eθ ]

(30)
𝑆𝜁 = − 4�3 �𝑠𝑖𝑛 𝜁1 − 𝑠𝑖𝑛 𝜁0 � + 7� �𝑠𝑖𝑛 𝜁1 −

𝑠𝑖𝑛5 𝜁0 �

3

3

5

5

(31)
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(

Dce (θi , φi ) = π S sin 3 θ cos θ sin 3φ e x + sin 3 θ cos θ cos 3φ e y
− sin 4 θ sin 4φ ez

𝑇𝑥
𝑠𝑖𝑛3 𝜃𝑐𝑜𝑠𝜃𝑠𝑖𝑛3𝜙
𝑇𝐼 = �𝑇𝑦 � = 𝑇𝑐 �𝑠𝑖𝑛3 𝜃𝑐𝑜𝑠𝜃𝑐𝑜𝑠3𝜙 � 𝐽
𝑇𝑧
−𝑠𝑖𝑛4 𝜃𝑠𝑖𝑛4𝜙

(32)
(33)

where the expression T c is given as an equation
below [14].
𝑇𝑐 = − 735�512 𝐽µ˳𝑀0 𝑑4 𝑅𝑐 𝑆𝜋

(34)

In Figure 8, with analytical and simulation results for
the rotor when ϕ=0°, θ=0° and θ=44° are compared.

Figure 8. Torque vs. θr

Torque value measured as a result of the application
is approximately 30 µNm. In the calculations, these
values of μ o =4π10-7 H/m, μ r =1,099 H/m, B rem =1,23 T
are considered.
5. Conclusions
In this study, an air core spherical motor composed
of two poles permanent magnet rotor and multipole
stator is optimized and designed by considering the
production ease. Magnetic field distribution
generated by the rotor poles of the spherical motor
and the torque model of the spherical motor are
expressed. Another important factor affecting the
output torque is the coil conical angle determining
the coil geometry. Coil conical angle of the designed
stator windings are found in a way to obtain
maximum torque with analytical calculation by using
the geodesic arc length formulas by considering the
ideal and physical limitations which is the first
approach in the literature.
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